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Abstract

The previous result that a static magnetic field in empty space constitutes a measurable mass is complemented here by a second result: Freestanding, or "sourceless", static magnetic field line structures (FMSs) of finite extent in empty space that comport with the time-independent Maxwell’s equations. The two results together define a particle having a mass, and made entirely of magnetostatic field.  It is suggested that this particle does not contravene any principles of physics.  This FMS-particle (FMSP) can be as small as a string or as large as a galaxy, and may have relevance to studies of the ultimate nature of mass and matter, the unified field theory, the nature of gravitation, and to cosmology in general.  The closest approaches to the FMS and the FMSP concepts by past workers are discussed.  Finally, every possible objection to the idea stemming from the standard Electromagnetic Theory is raised and answered. 
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1.  INTRODUCTION

A series of papers leading up to Ref. [1] suggests that a static magnetic field b in a volume element in empty space constitutes a colocated measurable mass – in accordance with Maxwell’s equations and with the most unambiguous definition of mass. This result is not contained in Einstein's mass-energy relation, but does not conflict with it either.  The present paper – a logical continuation of the said series but not relying thereon - shows that a freestanding (or "sourceless") static magnetic field structure (FMS) of finite extent in empty space also comports with Maxwell’s equations.  When these two independently derived results are combined, one arrives at a completely defined physical entity (the FMS-particle or FMSP): A particle made entirely of static magnetic field, which can be considered entirely an isolated field domain and/or entirely a point mass.  The FMSP could however be of any size scale, from fundamental particles (Cf. strings; [2]) to large-scale cosmic structures (Cf. dark matter; [3]).  The result of the paper may have relevance to currently active studies of field theory; the ultimate nature of mass and matter; the unified field theory; the nature of gravitation; to cosmology in general; and also to future technologies.  The paper also hints at a new view of magnetostatic field.  It is thus relevant to all research areas that presuppose a complete knowledge of the behavior of static magnetic field.  In the course of the derivation, and in the Appendix, every possible objection to the idea that can stem from the standard view of the Electromagnetic (EM) Theory will be anticipated and addressed.  It is expected that any remaining criticisms of the present paper will invoke new considerations that should with benefit be discussed in the open literature in the manner of other (not entirely unrelated) ongoing debates there (e.g., the EM momentum).

2. CONTEXT AND DEFINITION: THE INADVERTENCE PROPOSITION

The nonexistence of the FMS is today considered established by certain theorems in conjunction with the uniqueness theorem (Cf. [4], §1.5 and §1.9; [5], Ch. 1). For the present purpose, the underlying principle may conveniently be stated thus: the magnetic field line structure generated by a given current distribution is unique.  It is shown below that these considerations fail to encompass the FMS issue in its entirety.  Somewhere in historical time a mathematical roadblock was inadvertently interpreted as indicating a forbidden territory of physics, and there has since been no further exploration (see Appendix).  The above theorems permit the removal of the sources to infinity [5] where they can be properly dispensed with from the viewpoint of physics.  

The FMS may be defined, necessarily and sufficiently, as a field line structure in which b satisfies the following conditions at every point in space:


(i) The Maxwell's equation .b = 0;


(ii)  For a force-free and stress-free structure, b/t = 0;


(iii)  Hence the time-independent Maxwell's equation xb 0;


(iv) b is uniquely defined within a given structure; and

(v)b ± ; b  0 at large distances in every direction.

Clearly, nonexistence (( existence with b = 0 everywhere) can be considered a trivial "structure" satisfying the above conditions. 

3.  THE SOURCELESS STRUCTURE o
In cylindrical coordinates with no -dependence, the conditions (i)-(iii) above can be expressed as two equations:


2bz/r2  + (bz/r)/r  = - 2bz/z2





(1)


2br/r2  + (br/r)/r - br/r2  = - 2br/z2




(2)

for which an exact solution o can be found in terms of the Bessel functions Jo and J1: 


bzo =  bo Jo(r) e±z







(3)


bro =   bo J1(r) e±z






(4)


bo= 0.








(5)

For the purpose of the present paper it is not necessary to ask how o is created (see Section 8).  However, if one wishes to make o conform to the aforementioned theorems, one must postulate sources of infinite strength and infinite extent at infinity.  

4.  THE TRUNCATION STRUCTURE 1

The above solution satisfies condition (iv), but violates condition (v).  This difficulty is at the root of  the nonexistence issue mentioned at the outset.  But one can devise ad hoc methods of overcoming this mathematical roadblock.  One method is as follows: By taking instead o with the minus sign ( of the exponent ) in the upper half space and with the plus sign in the lower half space, a “truncation” structure 1 satisfying condition (v) is found:


bz1=  bo Jo(sr) e-sz






(6)


br1 =  bo J1(sr) e-sz






(7)


b = 0,








(8)

with s = z/z a shorthand notation,  and  an arbitrary,  positive real quantity.  At the z = 0 plane - the boundary plane - the field bz1 is continuous, but br1 flips sign.  Thus the act of truncation generates a sheet current (with o = the permeability of free space.):


I =  (2bo/µo) J1(r) ((z) a.





(9)

It is important to note that the above current is not the source of 1.  The opposite is true.  For the purpose of later reference, a complementary truncation structure 1' is also defined.  It is simply the structure made of the two leftover pieces from 1, and is obtained by replacing s by –s in (6)-(8), and reversing the direction of I.  Here the magnetic field becomes infinite for z ± 
5.  THE SOURCE-BASED STRUCTURE 2

As a separately standing problem, the exact solution for the field structure 2 generated by a prescribed source current I can be calculated in terms of the potential A= Aa, and is found to be [4]:


bz2  =  (1/r)(rA)/r






(10)


br2  = - A/z







(11)


b  = 0








(12)

 


         (

A(r,z) = (bo/() ({[(2-k2)K(k) - 2E(k)] / [k(rR)1/2]} J1(R) R dR 

(13)




       o




Here k2 = 4rR/(R2+ r2 + z2 + 2rR), and K(k) and E(k) are the complete elliptical integrals of the First and the Second kind [6].  Since I has a delta-function behavior and since the above solution is exact at every point in space for which z ( 0, it follows that br2(r, z  ± 0) = br1(r, z  ± 0), and that therefore bz2(r, z  ± 0) is a finite quantity.  This can also be verified by numerical computations, integrating around the pole at (z = ± 0, R = r).  Thus:


br2(r, z  ±0) = br1(r, z  ±0)





(14)


bz2(r, z  ±0) ( (.







(15)

Any computational difficulties in this connection are not relevant to the present discussion.

6.  THE INEQUALITY 1 ( 2: CONCEPTUAL CONSIDERATIONS
The structures 1 and 2 both satisfy Maxwell’s equations.  They are the current-generating and the current-generated structures, respectively.  This is a nonstandard view, and one might suggest that the distinction is semantic.   The distinction is the same as that between a conceptual generator and a conceptual dynamo.  It would be hasty to apply the uniqueness theorem in one form or another to conclude that 1(2.  One can see how the same current and the same boundary conditions at infinity are associated here with two different field structures as follows: The solution of the simultaneous equations .b =0xb= 0 requires the introduction of a geometric parameter.   For 1 one introduces the parameter  through b.  For 2 one introduces the same parameter through I.  The two constitute different classes of solution.  The uniqueness theorem may be applied only within a class.  Spatial oscillations out to infinite distances with unchanged periodicity are an essential feature of the first class, but certainly not of the second. At sufficiently large distances (e.g. at z » r(, where r( is the point where the current I has essentially gone to zero) the structure 2 approaches that due a single current loop so that it cannot have the oscillations at infinite distance inherent in 1.  Furthermore, if 1 were equal to 2, then by the uniqueness theorem, one must have 1' ( - 2, which is manifestly not true (the field in the former being infinite for z ± ).  Thus every correct line of reasoning or intuition should lead to the conclusion that 1 ( 2.

7.  THE INEQUALITY 1 ( 2: ANALYTICAL PROOF

One may also formally demonstrate that 1 ( 2 as follows: The exact potential A for1 is found from br1  = - A/z:


A(r,z) = (bo/) J1(r) e-sz .





(16)

There is no way to cast Eq. (13) in a suitable analytical form that can be compared directly with Eq. (16). However, for the purpose of analytical demonstration of the inequality it suffices to consider the far reaches of the structures where the inequality is most pronounced.  For points with z » r (without assuming that r  0), k2 « 1 and in k2:


(R2+ r2 + z2 + 2rR)  (R2 + z2).

The neglecting of the term 2rR above can be examined for the entire range of R (0,() as follows: When R « r, 2rR « 2r2 « z2; when R ( r, 2rR ( 2 r2 « z2; and when R » r, 2rR « R2.  One can select values of r and z such that not only k2 « 1, but also k  « 1.  Referring back now to the original integrand in Eq. (13), one can examine the functional behavior of the term in curly brackets for k « 1, seen as an amplitude of the oscillatory Bessel function term.  It is readily seen that no information is lost in making the preceding assumption in k, the oscillations notwithstanding.  The elliptical integrals can now be replaced by their usual approximation ([4], Eq. (5.39)).  Then



                      (

A(r,z) ( (bo/2) r ([R2 / (R2+z2)3/2 ] J1(R)  dR 



(17)


                                 o




 The integral can be evaluated to be exactly e-z ([6], §(11.4.44), §(10.2.17)).  Thus 


A(r,z)  (   (bo/2) r e- sz.






(18)

The following points may now be noted:

(i) The two potentials agree for z » r and r  0 (i.e. in the near-axis region), as can be seen by setting J1(r) ( r/2 in Eq. (16).

(ii) Since the condition z » r can be made arbitrarily strong in the far reaches of the structure, the above result can be made arbitrarily close to exactitude. It is therefore justified to compare the exact result of Eq. (16) with the result of Eq. (18) in the limit z » r and r » 0 (r ( 1, say) to prove that A(r,z) ( A(r,z) in the far reaches of the structures.

Thus, traveling from the axis outward, the two vector potentials are first in agreement, and then gradually begin to disagree.  Hence 1 ( 2.  There is no basis in the preceding discussion for the existence of additional compensating terms in the above potentials that would make the fields equal at every point in space.  The non-uniqueness of the relationship between vector potentials and fields has no bearing on the above proof.  (Note that the entire proof above could have been carried out in terms of fields, avoiding any reference to vector potentials.)  In order to make assurance doubly sure one can of course verify the inequality by numerical computation.

8.  THE FREESTANDING STRUCTURE:   1(2

A superposition of 1 and 2 causes I to vanish identically, leaving a sourceless solution :


bz  =  bz1 - bz2







(19)


br  =  br1 - br2







(20)


b  = 0




(21)

with bz (r, z = 0) finite and continuous through the z = 0 plane, and br (r, z = 0) = 0.  No singularities or discontinuities remain across this plane (Cf. Eqs. (14) and (15)).  The above geometry satisfies the definition of the FMS and now stands independently of the method employed in arriving at it.  Any difficulties one has with that method itself are therefore now irrelevant.  For instance, it is unnecessary to discuss how the structures o and 1 are created.  All that matters now is that Eqs. (19)-(21) satisfy the definition of FMS in Section 2 – a fact which can be established by numerical computation, without any reference to the method.  The FMS is thus as well founded in the first principles as any theorems that may be advanced in an effort to negate it.  The FMS may assume other geometric forms as well (obtainable by replacing the Bessel functions in Eqs. (3)-(5) by other suitable functions, or by a superposition of Bessel functions).

Is there any evidence of an approach to the FMS concept in past work?  The "plasma rings" conceived by Alfven, and later experimentally verified, come close [7].  These are transient free-floating rings of current and associated magnetic field.  While the current is the source for the magnetic field, the former does not itself have a source.  Thus the plasma ring concept may have gone a long way towards the FMS concept.

9.  THE FMS AS A POINT PARTICLE

Finally, the mass m of the FMS is defined unambiguously from entirely within Maxwell’s equations by [1]:



        ( (

m = 2((o ( ( b2 r dz dr ,






(22)



      o -(
(o being the permittivity of free space.  When the size of the FMS is sufficiently small (i.e.   (), this is essentially a point mass (the FMSP). It is to be noted now that the left-hand side is defined from Newton’s laws of motion and gravitation whereas the right-hand side is defined from Maxwell’s equations.  Thus Maxwell’s equations may have a gravitational content, and Newton’s laws may have an electromagnetic content.  This conclusion is not unsupported in previous literature: It has been suggested from independent lines of reasoning that the ultimate definition of mass may lie in the EM Theory [8], and that gravitation can be described in EM terms [9,10]. The FMSP may also have these attributes: multipole magnetic moment, spin, directionality and sense, transmutability (from one geometry to another), divisibility, and fusibility.  It might be able to take energy from EM fields in its environment [11,12], and grow and divide.  

Is there any evidence of an approach to the FMSP concept in past work?  Speculations about a theoretically needful gravitating particle made entirely of EM fields ("light") have indeed existed for many years, and appear to have been supported by Einstein [13].  The basic need here was to postulate a particle made entirely of a field, and the assumptions about the field being light and the light being gravitating were made in order to hold that particle together.  Even then, the particle had only transitory existence.  The present paper satisfies the basic need without facing this difficulty.

10.  REMARKS

With the help of results developed earlier [11,14], it has been shown recently that the energy in a static magnetic field away from its source can be drawn without prior communication with the source [15].  A process of creation of an FMS by removing a source of magnetic field from a location without removing the field "energy" would accordingly present no theoretical difficulties.  Thus the FMS would not contravene any principles of physics.  It would rather invoke an aesthetic completeness [16] in that whereas Maxwell’s dynamic equations lead to the EM wave, the static equations lead to the FMS.  The EM wave leads to the quantum concept of photon, and the FMS leads to that of the classical concept of the FMSP.  At the limit of zero frequency of the EM wave, the photon and the FMSP are thus expected to correspond.  This would hint at a structural quality of the photon.  While it has been possible to formulate the FMS in classical terms, its creation is most likely a quantum phenomenon.  Furthermore, in discussing the FMSP at the smallest dimensions, the Uncertainty Principle should be invoked.  The FMSP may also satisfy certain needs that led to the development of the string theory.  If the most elementary particle were an FMS, then the entire universe would in the end be made of nothing but empty space.  Lastly, it may be observed that the FMSP and the EM wave are the twin consequences of Maxwell's equations and should therefore be placed a priori on the same footing as to their potential ramifications in theory and practice (i.e., in science and technology).

APPENDIX:  AFFIRMATIVE DEFENSE

Since this paper contravenes the nonexistence theorem held inviolate for a century, it is necessary to offer an affirmative defense: A synopsis of all the objections to the preceding analysis that may be constructed from within the standard view of the EM Theory. These objections fall into three categories: 

(a) An assertion that 1(2 (i.e. b = 0 everywhere). (See Sections 6 and 7.)


(b) An assertion that the current (9) does not correspond to 1 in a distribution sense. (There cannot be a separate "distribution sense" without altering 1.)

(c) An assertion that there must remain some physically meaningful singularity in  on the z = 0 plane because of a mathematical singularity in 2. (See Section 5. This assertion would mean that two equal and opposite currents combine to generate an infinite current.)

This enumeration is complete.  There are redundant objections which are simply restatements of one of the above (e.g., the argument that the non-equality of the vector potentials does not mean non-equality of the fields is a restatement of (a) above).  It is to be noted that the assertion (a) relies on both 1 and 2 being correct, and hence negates (b) and/or (c); and vice versa.  The assertion (b) suggests that the current is somehow different so as to give rise to a new 2 that would be the same as 1; hence (b) negates (c).  In sum:  (a) vacates (b); (b) vacates (c); (c) vacates (a).  This situation has resulted from misapplications of the fundamental principles.  The lack of a successful objection to the FMS concept – once it has been guided past the mathematical roadblock - gives substance to the Inadvertence Proposition of Section 2: The nonexistence theorem is a mis-formulation that has gone unnoticed for a century. 
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